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The coflsistency of co~ ’~only used variance estinates for studentizing

robust estimates of location is studied ~:hen the tmderlying distributions

~~ ~sy~uc~ri~ . Surprisingly~ the ~;o~u1ar nethods for studentizing ..-

esticates, jac~’J~ ifed .1-estiir.ates and adaptive trir~ ed neans deresti~aate

~e trJe variance ~y a factor approaching 50% ~~der the negative exponential

distribution . Possible reasons for the failures and suggested modifications

are ij resented .
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In troducti ofl

This project started with the nrobleri of seq~uential fixed-width

interval estimation o-~ the lirniting ftinctior~al of robust estimators .

~?e first cortnared a mn- ber of estir~ tors in n-~a r r  symmetric situat ions

with predictable results (concerning robustness of efficiency) which

will not be reported here (see Andrews , et al (1972) ? Carroll arid ~Tegnan

(1975) ). ~
- hen the sarr~n1ing distribution was the negative exponential ,

the situation was surnrisingly degemerate~ the modern robust estimators

all gave much lower coverage probabilities than advertised. After some

study , we discovered that the corimonly used variance estimates under-

estimated the true variance by nearly 50% ; so that too few observations

were being ta ’~en. In the context of the two-sample location problem,

this means the Type I error is much higher than desired . Before routine

apolication of robust two-sample tests can be recommended, it is imoortant

to discover where the studentization fails and to suggest appropriate

modifications to existing procedures .

This ~aner describes the results of a ~bnte-Carlo experiment, comoaring

true anc’ estimated variances in asyrmetric situations. ~.è show that in

as~-’netric cases such as the negative ex~onerit1al distribution, hard

ac’a~tion (~~gg (1974) ) ,  (coru)n) ?!-estir’.ators and j ackimifed M-és~imator~-

au fail . .Our najor initiãl success was obtained with-.trii ~d means. The

reasons for the occuri-~;- ce of t~ ~e ob~erved phenouena are investigated , afld

rcconme:tdations for future study are made .



3

The ~stinators

Ocf ine U( ct) ~L(c~)) ~ ‘.e:’. o th ’~ lar ’est (smallest) (a(n~l)]

order statistics. As a measure of tail ler ith , !~ogg proposed

Q = (U(.20) - L(.20))/(U(.SO) - L(.50)).

Hanoel ’s scale is defined by

S
~ 

= median {IX~ - sample median~}/ .6754 ,

with the property that s~ + 1 in the normal case. In Table 1 we list
the estimators of location used in this study. The variance estimate

for the sample mean Li is the usual sample variance, while for the trirried

means 5% - 38% it is the j ack1~nifed variance estimate (Shorack (1974)).

For the one~ste: iiarnpels and i~ubers (Dl0-D20 . 12A-25A , flVI~) it is (Huber
(1970)) , ~ 2 1x-T

- 
-. 

ns~f j ~~_ !~ dF ~ (x) 
(1)

(n 1){f*’ 
Lc~ 

dF,.L (x)}

For the adaptors (I~Gl, HG2, 1.8l~ 1.90D, 2.OOA , l i31D), the variance

estimate of the chcsen location estimate is used. For the j ack1~ ifed

~‘uLer (J-~!J3) , the jackthifed variance estimate is used.



.4 ‘~escr ip t ion of the location esti r~ates used in the study.
coie Description

Sample mean
5%

10% a% neans ~n ~ syrnetricaiiy trirned
25 % mean . 38% h9s a = .375

1 5% Q�i.81
1-iGi ‘~ 10% if l.Cl<O�l.f37( 25% Q>l.87

5% O�l.80
t!G2 .

~ (.os+ (Q-i.3o)(4/3))ioo% if l.80<Q�i.95
25% Q>l.95

f One-sten I-~iber estimates, with start being the
D15 j sari le median , scale Sn (Andrews, et al (1972) ).

( The 1~ ot in the ‘p function for 13K is K/lO.
1 P20 Q�l.81

1.8113 4 1315 l.8l<Q�i.~7(~ 1310 0>1.87
( 1320 Q~l.9O1.90 4 D15 if l.90<2�2.0S
1~ 1310 Q>2.OS
Solution (via method of bisection with 20

~ 
iterations) to E’p(s~~(X~-t)) 0, where

~ ‘p(x) max(-1.5, min(x ,l.S)).
A jac~de~ifed version of ~JB , with n = 50.

12A ( One-ste~ Hampel estimates , with i~iots
21A 4 given in Mdreus. et ci (1972) . Start is
25A ~ the s~npie median, scale is s~

‘ oo~ 5 21A jf Q<2.Of)

~ 
12A if Q~2.0C

I 2SA Q�1.81
1.O1A 4 2lA if 1.81tzQ�1.87

J 12A Q>l.87
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~?ar on :~‘v*ers

A congruential random n’~ her generator (period > 2~~ ) with a shuffling

featur e was used to obtain the ~nif~~ random variables , while standard

norr-.al observations were obtained by t;~e ?~.ox-~&iller algorithm. The shuffler

first generated 300 uniforrr deviates and then chose one of then at

randc~u- this effectively overcomes the i.mdesirable dependence features

of the usual corw~ruentia1 generator. L~o ~bnte-Car1o swindle was used ,

so re!~ rted results will be accurate to about one decimal place, r r e

then e:iouph to na~<e the conclusions - ~.ven here.

Sac~elinc Distributions

Ten samplinq distributions were studied . If ~ is the standard

no-~-~a1 distribution ftnction , the first six had distributions as follows~

Code
ô(x) N(0,i)
95~(x)+. OS~(x-i) N(O,l)+. O5I~(i,1)

9O~’(x)+. 1O~(x-l) H(O,l)+.1ON(l ,1)

.95~(x)+.O5c~(x-3) N(O,1)+. 05fl(3,l)

90~(z)+. 10O (x-3) i-i(0~l)+.lON(3.1)

‘egative exoonential with mean l .2~ NE .

Lettin7, ~
- be a standard norr’.al randoi~ variable , the last four were

generated 
~~‘

12.Sexp(.1OX) Exp(.1OX)
4.88exp(.25X) Exp(.25X)
2.46exp(.50X) Exn(.SOX) —

.49exp (X) 2xo (X) .

- ~~— -—-~~~~~~~~~~~~~~~~~~ .- - —  . -  -—-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Sar~ i~~ uf 51?c n — 75 ~ere taken for each iteration. There were

5~~ iterations on N(O,l), 1000 icer~itions on NE and Exi~(X) , and

250 iterations on the others .

ra jor Results

This paner focuses on the effects of asy~inetry on the consistency

of variance estimates of robust estimators . If n = 75 is the sample

size, ‘1 is the number of experiments , and Y1, ... ,Y
~ 

the realized

values of ~ particular estimator , the (standardized ) L bnte-Carlo variance

of the estimator is
2 n f l ’  2({~ - ? ~)

The average value of a variance estimate for a particular location estimator

is denoted by a~ . Table 2 presents values of a~/a
2 for all ten sampl ing

distributions. Table 3 presents values of a2 and a~ for N(O,l), NE,

ani Exp(X) , the first acting as a standard , wi th the latter two representing

worst case asymme tric distributions.

I

I

L . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _
~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Va1~~s o~ t~ie ratio . ~:- s ~ste~t variance est imate should have

ti is ~~~~~~ n~’ :~,- : . ::;.

.1—4.
• 

~~~

C il)
‘—V— ‘__~~‘ ‘•—V, ‘— d

~~
C: L~ C f-’• . . .
+ -F + + C ~fl C)

_ —r l  ~~~ ,—~ . . -
C) -~ ‘ “ -‘ ..S ~~C) - .

.97 .~~~ .94 1.11 1.00 1.01 .96 .97 .93 1.00
5° .95 .97 .93 1.14 1.10 .96 .90 1.02 .97 1.05
lO~ .~ 1 .95 .92 1.15 1.05 .97 .88 1.04 .97 1.04

.C3 .93 .93 1.10 .99 1.00 .36 1.05 .94 .99

3D~ .92 1.04 1.00 1.13 1.02 1.02 .~ 3 1.02 .94 .98
.90 .92 .90 1.05 .90 .53 .34 .97 .70 .62
.97 .~ 4 .07 .98 .97 .60 1.08 .37 .79 .62

r~o .92 1.03 .‘?4 1.09 .95 .54 .29 .83 .32 .52

i~1S .95 1.02 .0~ 1.12 .97 .59 .92 .88 .75 .53

.97 1.02 .95 1.13 .~3 .63 .95 .91 .73 .59

l.R1P .91 LCd .05 1,11 .99 .59 .~ 1 .90 .82 .54

1.90 ) .97 1.02 .95 1.12 .93 .59 .94 .89 .74 .42

~~ 1.07 .9~ .34 .93 .93 .60 .33 .~ l .57 .52
3L~ 1.00 - -  - -  - -  --  .~1 -- -- -- .53
12A .07 .95 .~ 7 1.12 .98 .49 .90 .84 .75 .44

21A 1.01 .90 .2~L 1.12 1.01 .52 .91 .90 .S1 .50

2 5.\ 131 .~7 .23 1.11 1.03 .70 .93 .93 .86 .5 5
2.03A 1.C~ .96 .94 1.11 .09 .~ 1 .01 .90 .30 .35
l.81A 1.00 .94 .92 1.08 .0~ .42 .~ 1 •~ 4 .65 .34

~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-V 
~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 

-- -~~~~~-
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~‘a1ues of a~ an~ a 2 for tir~ s~ ’~linq distritutions.

b )

‘-S
— — r~i r-~J ~b ‘—‘

~~~~~~~~~~~‘ t h
1,03 1.00 1.54 1.55 1.10 1.10
1.09 1.04 L45 1.33 .58 .61
1.13 1.07 1.35 1.31 .45 .47

25% 1.~1 L?~ l.~1 1.30 .35 .35
38’; 1.45 1.35 1.38 1.40 .36 .35

1.13 1.02 2.30 1.22 .56 .35
1.04 1.01 2.07 1.24 .55 .36

JlO 1.21 1.09 1.37 .74 .37 .19
1.10 1.04 1.49 .83 .45 .24

~20 1.05 1.02 1.5 1.04 .51 .30
1.OLD 1.21 1.10 1,~ 9 .73 .43 .23
l .SOD 1.05 1.02 1.71 1.00 .60 .25

.98 1.04 1.52 .91 .49 .25
J~1UB 1.01 1.01 1.43 .87 .47 .25
l2A 1.10 1.07 1.57 .77 .44 .19
2LA 1.30 1.02 1.66 1.05 .55 28
25A 1.01 1.01 1.65 1.15 .59 .32
2.0O~ 1.31 1.02 1.71 1.04 .72 .25
1.~flfi. 1.30 1.01 2.38 1.01 .62 .21

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

11
L~~A~ ..  . . .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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I. (Trim~ed jeans)

The synietrically trir~ned mean s ~ (or C~) ,  5% - 38% were the 3
only estiriators fron Table 1 i- hosc~ ~rar iance estimates consistently estimated

the true variance over the whole ra:~’~ of distributions. ‘-~ence, if the

user ~xis serious concern about asyr~i~t ~-y, trimed neans %-~uld be recornended

for their robi.:stness of validity.

The first Hogg adaptor (1(11) uses a discrete adaptive approach which

chooses among a finitc set of ‘~ssi~1e trir~ ed means . The ~art icu1ar

choice used here fails at ~~, Exn( .5i)X) , and Exp (X) . This is most

unusual , e~pecia11~ in view of the success of individual trinned neans .

flote t :~a~ L~ Table 3 ~,‘hi1e ti:e value for a 2 is in li ne with indi vidual

trir~ c’! means , the value for ~2 is considerably larger in magnitude .

The following arg~r tents should indicate in part th~&t this explosion of

a2 can be axpected to occur over the whole range of discrete adaptors .

0 0(n ,F) to emphasize the dependence on the sarimle size n

~in~ t .c  underlying (cont inuous) distribution function F. Typically

n~ (Q(n , F) - (‘~(F)) -L r(o, a2 (Q)) , where Q(F) is some constant . Denote

th~ a-tr irmed nean by S(n~c~) with u n i t  value S(cz) . Suppose F is

sy!I~1etric about 0 and that one of the ~nots~ or : c!~~ ge ~,Oj~~S% in

the adaptor is Q(F) (for ex&~ le , in hGl these h~ots are 1.81 and

1.97). Then asymptotically, the adaptor is

T*(n ,F) = S(n ,cx1) if Q(n ,F) � Q(F) 
11(2)

= S(n ,ct2) if O(n ,F) > Q(F) .

— —— — 
~~~~~~~~~~~~~

~~ ~~~ ~~~ ~~ VV ~~~~~~~~~~ V V_ _  ~~~~~~~~ V V V  -V~~~~~~~~~~~
_ — - ~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~ V~~~~.

_VV
~~

VV_
~
_, V •~~
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;.(~ ‘~)-0)  :V ~~~ } . [~~r 1 ~ r c i )  ~} ‘ :~~~~(S (n rt ) 0) ~~~

J 
(3)

: V ~~~~~ C~~~~, ~~~~~~~~ - o) ~~~~ a~:: r e ~.ave C i :r it~~ ~oi~ril 1i~tr ib ’~’.tion ,

alt ~~~~ t :.e ~~~~~~~~ ~~~ 
V~~~~ :~~.re ~~~~~~ ~ 9 

~~~~~~~~~ if ~ is asym:.etric ,

r i  V V 0 ~~~ •j V j~~~~~ (3) ~~~~~ ‘
~~~~ see t~iac ~or rio 0

- e) a ~ro~er 1~i;it z ~tri~~~i~a (~~ ~~~~~~~~~ -

- -~ ~~~~~~ - ‘:~~~~~
• c~ ~~ _

~~~ 
) .  • V ~~ ’~~ Very ‘e :;~.~~e ~~~. V ~~.) ( j j 5~~~~~~~~~~~

~~~~~~~~~ ~~~~~~~ 
~~~~ of hc~i- .~ ~~ 3V V

~~t0T~. S is li~’eiy to fail ;‘ eTVe~T~ r oae

9)r~’1 - t 3 ~;~o~r :  ~ :~-~~ c~~s~r. fl(~~) as a ?riot . 0~ince ~(~9)

~~~~~~~~~ ~~~~~~~~~~~ l.~ 2 (the 1at~e~ c ’a i r ~ ~ V ’ ~~nte-Car1o sa~,linr

209 ~ria1s) or~ sec~ the probable e~a-~ianatio;~i for the failure

~~~~ ca~~s. ~ o~te-Carlo saI ?llnp ‘~‘e obtained

~~ ~~) 
I. ~5 ~na~itive1y in this heavily as)~~etric situation the

C !oices 10’, aa-~ 2~ -~ are so ifferent ~s to prO’Jide boost V

to ~~~ iar~-:-~ce, ~o-i’:~~r~r. CJ~ adec~~at- 3xplanation :VS still needed,

Ic ~~~~~2V ~ s~~er ~~
‘ca-

~ a sourcz~ cf difficulty is tha~ T*(n~~
ro~ C~~V .1 -~‘i cy~s i~ ~I ( n~F)  -Oc’r all r- . ‘-‘32 ~jrovides an exar le ‘~JI fC

‘
~~ ~~at t~e co~~ir.~ity rlerely ef ~~~~ V V~ T~’(n F) = T*(F) is not sufficient .

•~: a flrs~ cDnstrarnt t. .en , any a’~a~-’tive est ate should have the above

c-c~::t i~uity ~)ro’Detty . ?ith~~~ ‘e experinented ~Vjj ~~~ li: ~ear f~.mctions of

~:-~~r ~ta~~s~ics ‘-r i th ~ r~~j~~~ Vt function s c~~~~ir~ smoothly on a (such
~~~ ~~~~~~ ‘:‘‘;e i :Tar and auadratic) . ~e u n-1 very J~ ttle success. The

V
~~ro~~~i~~~~~ o V_ ,

~~ ,StTuCVdP, sroothly ah~ tivo estirates - rith reasonably
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consiste’~t v:f:~.-~nce csc~ :tcs in ~‘ : . V V 1 s~ V : - .1es i~ an open anV~. ~,crthw.iile

~toblen.

I T  ( IV  ~~~~~
~~~~~~ ~

T~c~ :~ub.~r escij~a:e Lj ( enerato by 
~~(~~) 

= ax(k1 ~~~
(
~~~2

))

= _ •  ) has - ,oo~ ro~’:st~~ss :.~ brea’:’~c’.~. ~ro~ertios b~i~ Carroll

(l~75a) h t s  s w ~ir . ~:hac i~ F 5s as;~v . n~r1c s, ~ ~~en tuere e:ds~
n-: o ~~~~~~~~~~~~~~~~~~~~~ ~.-, 

- -
~~~~

‘:
~~-V

- T(F)) -~~~~~~ ~fl - + a2(s~~ - 
~) + o(n~~) (a.s.) . (4)

~ean~ C i V ~~ e ‘n~riELtce esti~iate (1) (s 1’-~~a5CC~ ~,y ber (i~ 70)

s~~ b” Orcss C1 73) ) is not consis t for asyr r.etric -~istrib~rtio~ s.

h!s :~ o1~~.rl; roflecte- .. in Tables ~ an~ ,~. Th~ S:i 1~CIZ~:~JV V su’~~ ste~t

by (1) ~~u1-~ ho1-~ if a2 = 0. ;ihic. is ec,uivalent V 0

E{(X - T(F))~~~V[~~~~(X - T(F)) J } = 0. (5)

Or~e ~iossibi1ity ~‘o~ i T. ~e to choose ~~ ~ :o force (~~) to :-;o: ~ C~V ,  ~.t

ieast asyV~~~ sCicai~ y. ~2inc,.~ . e r  estinates have such nice ~ro:;erties~,

SOV . V~ f.~~rc ~;or.. s;~o-~1~. he :;e~iotc r . ~o finhir ~ satisfactory soludon .

That ~~ )ac i - e d  - :~ber estt-ate ~ailc-~ was both surprising ~n

C~iSa Ointin’~. 3one ~LI~~iZ:It into ~ cause c~ ~~~ ~hcno~~:.a is available.

Jaec::ei a:~ •~~~~~pV~~~~~
jj 5 , e .  )C:. er in äc&tes that s:Vo~(in~ sonethin :-. like

- T(F) - alu ~~~ 
i (

~~~ 1
(x - T(F))J } E-~. 0 (-s)

is the rissina . SLJ ~~~~~~~ needs to ~e verifiec Tar his arg~-aents to hole;

-— V_ ~~~ ~~~~~~~ V_V ~~V~~~~~ _~~•~~~~~~ V —~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~
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(4) sho~is that (6) fails. Further , it is well-u-~iown that the j ackiauife

does not provide a consistent estimate of the variance of the sample

iaedian~ since the scale s~ is very close to a sample uedian, it would

seen to be the cause of sone instability. If this latter point is the

root rii:uiculty (a point which needs to be settled) , perhaps using a

scale with so. -e~!iat sroother thf 1 ;e~;e function is mandated . One possi-

bility VYO~JV ~ be to tahe the averz~-e of the smallest half of

{I h , - medianL ... JX ~ - r~ di.m~}. he have done sone partial work

in this direction with little success.

III.  (One-step estimates)

The one-stec~ U-estimates and their adaptors were included for illus-

trative pur~oses although they ~~u1d not be used in obviously asyri~etric

situations. Carroll (1975b) has shown that an analogue to (4) exists

in th is case as well , so the failures at WE and lixp (X) are not unexpected.

One interesting point to note is the very poor performance of 21A and

20A at the negative exponentia1~ we have no good explanations for this.

Gross (1975) , in s rveying the disappointing performance (in syra’~etric

situations) of j aclthiifed versions of these estimates , recoraaends replacing

the median by a snoQth start ing value . The arguments of the previous

section indicate an additional need for a smooth scale.

_ _ _ _ _ _ _ _ _ _ _ _  — ---
~~~~~~~~ -~~~~

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Conclus ions

In this paper we have shown that wide classes of robust estli otes

will not ;
~erf orn adequately in the t~-~o- :-;cri le location problem in the

presence of asy].r.etry. ~1hile tr inned ~eans work quite wcll~ discrete

adaptive trimed means have been sho~rn to degenerate whenever one of

the !‘no~s is near the limiting value of the tail length functional Q(n ,F);

e~’i~ently only smoothly adaptive trixnned means have amy hope of success.

-estii~at~s ar ’a~ their one-step versions have been shown analytically

to lcai to inconsistent variance estimates if the ~p-function is skew-

s~~aV~etric ; this suggests the possibility of allowing the ~-ñmction to

also ~enen’1 on the data . It would a~pear that U-estimates and their

j ac~iTifen versions share the same source of difficulty , but this point

needs to be clarified.

V 
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